Rahilly [10] described a construction that relates any Hadamard design H on 4 m −1 points with a line spread to an affine design having the same parameters as the classical design of points and hyperplanes in AG(m, 4). Here it is proved that the affine design is the classical design of points and hyperplanes in AG(m, 4) if, and only if, H is the classical design of points and hyperplanes in P G(2m − 1, 2) and the line spread is of a special type. Computational results about line spreads in P G(5, 2) are given. One of the affine designs obtained has the same 2-rank as the design of points and planes in AG(3, 4), and provides a counter-example to a conjecture of Hamada [6] .
Introduction
The connection between Hadamard matrices and symmetric or affine designs is well-known, see [12] for example. In this paper, we describe two constructions, based on one of Rahilly [10] , that relates affine 2-designs of class number 4 with symmetric Hadamard 2-designs possessing spreads of lines where each line has size 3. In Section 2, we show that the affine design is the classical design of points and hyperplanes in the affine geometry AG(m, 4) of dimension m over the field of 4 elements if, and only if, the Hadamard design is the classical design of points and hyperplanes in the projective geometry P G(2m − 1, 2) of dimension 2m − 1 over the field of 2 elements and the line spread is of a special type which we call normal and define in 2.5 below. In Section 3, we give an indication of the variety of affine designs produced by this construction using line spreads from the projective geometry P G(5, 2) by summarizing computational results. In particular, we establish the falsity of Hamada's conjecture that, among the 2-designs with the same parameters as the 2-design of points and t-subspaces of a projective or affine geometry over a field of characteristic p, the designs whose incidence matrices are of minimum p-rank are isomorphic to the given design of points and t-subspaces of a projective or affine geometry, by exhibiting a non-geometric affine 2-(64,16,5) design, whose incidence matrix has 2-rank 16. Although it has not yet been established that 16 is the minimum 2-rank of the incidence matrices of 2-(64,16,5) designs, any 2-(64,16,5) designs of 2-rank less than 16 which might be discovered in the future will necessarily be non-geometric.
The basic design theory needed for this paper may be found, for example, in [1] , [3] , [11] . We give an outline here.
Let Π = (P, B, I) be a design with point set P, block set B and incidence relation I ⊆ P × B. Where convenient, as is customary, we may identify a block with the subset of points incident with it, and regard incidence as settheoretic inclusion. Π is a t-(v, k, λ) design if P and B are finite, |P| = v and |B| = k for all B ∈ B and any t-subset of P is contained in λ blocks. A design is symmetric if |P| = |B|. A t-(v, k, λ) design is resolvable if B has a partition, called a parallelism, into parallel classes of blocks such that two distinct blocks in the same parallel class are always disjoint and every point belongs to exactly one block from each parallel class. If, further, any two nonparallel blocks (i.e. blocks from different parallel classes) meet in a constant number µ > 0 of points, then Π is affine resolvable or simply, affine. It is easy to see that each parallel class consists of m = v/k blocks, where we call m the class number of the affine design, and µ = k/m. From the definition, it follows that the parallelism in an affine design is unique.
The dual design Π * of a design Π = (P, B, I) is defined to be the design Π * = (B, P, I * ), where (x, y) ∈ I if and only if (y, x) ∈ I * . The line joining two distinct points P and Q in a t-design is the intersection of all blocks which contain both P and Q. If t ≥ 2, the maximum size of a line is (v − 1)/k + 1 and a line has this maximal size if, and only if, every block which does not contain it meets it in exactly one point. The set of blocks that contain the intersection of two distinct given blocks in Π forms a line in the dual design Π * .
The parameters of a symmetric 2-(v, k, λ) design satisfy the equation (k − 1)) design, which is necessarily affine, exists. The size of a line in a Hadamard 2-design is at most (v − 1)/k + 1 = 3 since v = 2k + 1. So, a line of size 3 has maximum size and any block either contains it or meets it in exactly one point.
A set L of non-empty point subsets of a design is a spread if it partitions the point set of the design. In a resolvable design, a parallel class of blocks is a spread of blocks.
Affine designs and spreads in symmetric designs
Rahilly [10] established a connection between affine 2-designs with class number 4 (the size of a parallel class) and Hadamard 2-designs with line spreads. This construction is generalized in Al-Kenani and Mavron [9] . Here, we present Rahilly's construction in a different but simpler and more transparent form that is suitable for the exposition of the results of this paper.
Construction 2.1 Let Γ be an affine 2-(16µ, 4µ, 1 3 (4µ − 1)) design, where µ ≡ 1 (mod 3). Define a design Π as follows.
Choose any point w of Γ. The points of Π are all the points of Γ except w. To define a general block of Π, consider any parallel class C. Then C has four blocks. Let B 0 be the block of C on w. For any B ∈ C with B = B 0 , we define B ∪ B 0 − {w} to be a block of Π.
It is not difficult to verify that Π is a symmetric 2-(16µ − 1, 8µ − 1, 4µ − 1) design and that, for any parallel class C, the three blocks B ∪ B 0 − {w}, with B ∈ C and B = B 0 , form a line in the dual Π * of Π. The set of all such lines is a spread of lines, each of size 3, in Π * .
Construction 2.2 Let Π = (P, B, I) be a symmetric 2-(16µ−1, 8µ−1, 4µ−1) design whose dual Π * has a spread L of lines of size 3, that is, a set of lines of Π * which partitions B. Define an incidence structure Γ as follows.
The point set of Γ is P ∪ {w} where w is a new point. The block set of Γ is B ∪ L. We define the incidence relation I Γ for Γ in two parts. Firstly, w I Γ L for all L ∈ L. Secondly, let P ∈ P and L ∈ L. If P is on exactly one (say B) of the three blocks of L in Π, then P I Γ B. If P is on all three blocks of L in Π, then P I Γ L.
It is routine to verify that Γ is an affine 2-(16µ, 4µ,
, where L ∈ L and the B i are the three blocks of L in Π.
The verifications for both of the above constructions may be found in AlKenani and Mavron [9] in a more general setting.
The constructions are, in an obvious sense, inverses of one another. However, it should be noted that the choice of spread in the second construction is important. Different choices of spread may result in non-isomorphic designs (see Section 3).
It is also interesting to observe that the symmetric design in both constructions is Hadamard, and therefore constructible from a Hadamard matrix. The constructions relate Hadamard matrices to affine 2-designs with class number 4. Their relationship with affine 2-designs with class number 2 is, of course, well-known.
We shall need the following results due to Kantor (see [3, pp.839] ) and Dembowski and Wagner (see [3, pp.812 
]).
Result 2.3 An affine 2-design of class number m is isomorphic to the design of points and hyperplanes of some affine geometry AG(n, m) or to the design of points and lines of an affine plane of order m if, and only if, the intersection of any two non-parallel blocks is contained in m + 1 blocks.
Result 2.4 A symmetric 2-(v, k, λ) design is isomorphic to the design of points and hyperplanes of some projective geometry P G(n, m) or to the design of points and lines of a projective plane of order m, where m = (v − 1)/k, if, and only if, the intersection of any two distinct blocks is contained in exactly m + 1 distinct blocks (or, dually, every line has exactly m + 1 points).
Given any set X = {a, b, c} of three distinct mutually skew lines in P G(3, 2), there are exactly three transversals to the three lines of X (a transversal of X is a line meeting each line of X in a point). The three lines of X form a regulus and the three transversals form the opposite regulus. Thus, any line spread L in P G(3, 2) is regular in the sense that any three lines of L form a regulus. Moreover, any regulus in P G(3, 2) is contained in a unique line spread of five lines. See Hirschfeld [8] for details of results concerning reguli. Definition 2.5 A spread L of lines in P G(n, 2), n ≥ 3, is normal if for any two distinct lines in L the intersection of all hyperplanes containing both lines contains three further lines of L.
In Constructions 2.1 and 2.2, the affine design has m = 4, while the symmetric design has m = 2 and is therefore Hadamard. In what follows, we use the notation AG t (n, q) (resp. P G t (n, q)) for the design having as points and blocks the points and t-dimensional subspaces of AG(n, q) (resp. P G(n, q)). The aim of this section is to prove the following theorem. Theorem 2.6 With the notation of Constructions 2.1 and 2.2, the following statements are equivalent: (a) Γ is isomorphic to the design of points and hyperplanes AG n−1 (n, 4) of the affine geometry AG(n, 4), where n ≥ 2. (b) Π is isomorphic to the design of points and hyperplanes P G 2n−2 (2n − 1, 2) of the projective geometry P G(2n − 1, 2), where n ≥ 2. The line spread L in the dual Π * of Π is normal.
The proof proceeds through a series of lemmas.
Lemma 2.7 Let Γ be the design AG n−1 (n, 4), where n ≥ 2. Let A = {A 1 , A 2 , A 3 , A 4 } and B = {B 1 , B 2 , B 3 , B 4 } be distinct parallel classes of Γ. Let ∆ be the design whose points are the sixteen affine subspaces A i ∩ B j (i, j = 1, 2, 3, 4) and whose blocks are the hyperplanes of Γ parallel to these subspaces. Then ∆ is isomorphic to the affine plane AG 1 (2, 4) of order 4.
Moreover, if i, j ∈ {2, 3, 4}, the points
are the four points of a subplane ∆ 0 of order 2 whose parallelism is induced by that of Γ.
Proof. The proof is straightforward and is omitted.
Lemma 2.8 Let Γ be the design AG n−1 (n, 4), where n ≥ 2 and let Π be constructed as in Construction 2.1. Then Π, and hence Π * also, is isomorphic to P G 2n−2 (2n−1, 2). The spread L is a normal line spread of Π * . Furthermore, given any two distinct lines of L, the intersection of all hyperplanes of Π * containing them is a 3-dimensional subspace on which L induces a spread of five lines.
Proof. With the notation of Lemma 2.7, given the two non-parallel blocks A ∪ A i and B ∪ B j of Π, where w ∈ A ∩ B, let C ∪ C k be the unique block of Γ containing the two points A 1 ∩ B 1 and A i ∩ B j of ∆ 0 , where w ∈ C. Then C contains A ∩ B and C k contains A i ∩ B j .
It follows that in Π the intersection of any two distinct blocks is contained in a third block. So Π ∼ = P G 2n−2 (2n − 1, 2) by Result 2.4. This proves the first part of the lemma.
Let L A and L B be distinct lines of the line spread L, where A point P = w in Γ is on L A and L B , considered as blocks of Γ, if, and only if, P , considered as a hyperplane of Π * , contains both L A and L B , considered as lines of the line spread L of Π * or, equivalently, P , as a point of Π, is on all blocks of L A and L B . That is, P ∈ A ∩ B in Γ and P = w. Now, from Lemma 2.7, since ∆ is an affine plane of order 4, there are exactly five hyperplanes X of Γ containing A ∩ B. A and B are two of the five hyperplanes. So, in Π * , the five lines L X are in the unique subspace S which is the intersection of all hyperplanes containing L A and L B . Hence, the line spread L of Π * is normal.
Lemma 2.9 Let Π be the design P G 2n−2 (2n − 1, 2) and suppose that L is a normal line spread of Π * . Let A and B be points of Π * on different lines of L. Then the intersection of all hyperplanes of Π * that contain A and B but neither of the lines of L on A and B consists of exactly five points of Π * .
Proof. Let A and B be points of Π on lines a and b, respectively, of L, where a = b. Let A also represent the homogeneous coordinates of A in Π * ∼ = P G 2n−2 (2n − 1, 2) and similarly for the other points of Π * .
Then C = A + B is the third point of the line AB and C is on the line c of L, say. Let S be the 3-dimensional subspace of Π * generated by the lines a and b.
Thus, a, b and c form a regulus in S ∼ = P G 2 (3, 2) Let the opposite regulus of three lines be {A, B, C}, {A , B , C } and {A , B , C }. Any hyperplane H of Π * containing the line AB but neither a nor b must meet S in a plane containing A, B and C but neither A nor B . The intersection of H with d is the point B + C ; for suppose for instance that A + B is on H. Then H will contain A + A + B = B as well as B. H will therefore contain b, which is a contradiction. The other cases are dealt with similarly. By a similar argument, we can show that H meets e at the point A + C .
It follows that the intersection of all hyperplanes of Π * containing A and B but neither a nor b consists of the five points A, B, C, A + C and B + C . This completes the proof.
Remark 2.10
With the notation of the proof of Lemma 2.9, it follows that H contains the point A+(A+C ) = C . Since C is also on H, H must contain the line c. Therefore, A + C and B + C are the points where the plane containing the lines AB and c meets e and d, respectively. Now we can prove Theorem 2.6.
Proof of Theorem 2.6. That (a) implies (b) follows immediately from Lemma 2.8.
We prove that (b) implies (a). Assume that Π is isomorphic to P G 2n−2 (2n − 1, 2) with n ≥ 2 and that L is a normal line spread of Π * .
We show that in the corresponding affine design Γ, the intersection of two non-parallel blocks is contained in exactly five blocks. Hence, by Result 2.3, it will follow that (b) implies (a).
Let A and B be distinct non-parallel blocks of Γ. Next we consider the issue of isomorphism arising from the constructions. Recall that a dilatation α of an affine design is an automorphism fixing every parallel class (as a set). It is central if it fixes a point, and such a fixed point is called a centre of α. If α is central and is not the trivial automorphism, then α fixes a unique point. The proofs of the following theorem and corollary are routine and are omitted.
Theorem 2.11
With the notation of Constructions 2.1 and 2.2, extended in the obvious way, let Γ and Γ be affine 2-(16µ, 4µ, 1 3 (4µ − 1) designs and let Π and Π be the corresponding symmetric Hadamard 2-(16µ − 1, 8µ − 1, 4µ − 1) designs. Then there is an isomorphism Γ → Γ mapping w to w if, and only if, there is an isomorphism Π → Π mapping the spread L onto the spread L (as sets).
Corollary 2.12 Any automorphism of Γ fixing the point w induces a unique automorphism α of Π fixing L as a set, and conversely, α is a central dilatation of Γ with centre w if, and only if, α fixes each line in L.
Line spreads in P G(5, 2) and related affine designs
In this section, we give some computational results concerning line spreads in P G(5, 2) and the related affine 2-(64, 16, 5) designs.
As proved in the preceding section, a normal line spread in P G(5, 2) yields an affine 2-(64, 16, 5) design that is isomorphic to the classical design AG 2 (3, 4) of points and planes in AG(3, 4). However, there are many projectively inequivalent line spreads that produce non-isomorphic affine designs with these parameters.
The most interesting among these designs is a non-geometric design D that has incidence matrix of the same 2-rank as the classical design AG 2 (3, 4) . This design provides a counter-example to the well-known Hamada conjecture [6] , which states that the design of the points and subspaces of a given dimension in AG(n, p m ) (p a prime) is characterized as having the minimum p-rank of its incidence matrix amongst those designs of the same parameters (see [1, p.134] ). This design D was originally discovered recently in [7] as a design that contains a symmetric subnet invariant under an elementary Abelian group of order four. However, this new construction by means of spreads suggests that the same method may be used to find more such examples and to provide some insight into the nature of affine designs of minimum rank.
Here is a short outline of the algorithm used for the computations. The points of P G(5, 2) are the 6-bit nonzero (0, 1)-vectors ordered lexicographically: 1 = 000001, 2 = 000010, . . . , 63 = 111111.
A line in P G(5, 2) is a set of three linearly dependent points (as vectors in GF (2) 6 ). There are 651 lines that are listed explicitly in Table 3 .2. We define a graph G having the 651 lines as vertices, where two vertices are adjacent if the corresponding lines are disjoint. A line spread in P G(5, 2) is just a 21-clique in G. Using a clique finding program written by the third author, over 30, 000 different line spreads were found. Automorphism group considerations suggest that this collection of line spreads is just a small portion of the total number of line spreads in P G (5, 2) . Because of their huge number, we did not attempt to classify these 30, 000 spreads up to a projective equivalence. Instead, we classified the resulting affine 2-(64, 16, 5) designs according to the 2-rank of their incidence matrices (clearly, affine designs of different 2-rank correspond to projectively inequivalent spreads).
Affine designs were found of all 2-ranks in the range from 16 to 22. Examples of line spreads that yield designs for each rank between 16 and 22 are listed in Table 3 .3. In that table, a line spread is a set of 21 labels of lines as in Table  3 .2.
The line spread No. 1 is a normal spread, and the corresponding affine design is isomorphic to the classical design AG 2 (3, 4). The spread No. 2 yields a non-geometric (i.e. not isomorphic to AG 2 (3, 4)) affine design of (supposedly) minimum 2-rank 16. This design can be distinguished from the design AG 2 (3, 4) by the order of its full automorphism group, 368640. This exceptional design is isomorphic to the design obtained from net 36 in [7] , with a compete list of blocks available at www.math.mtu.edu/∼tonchev/Z2Z2nets. Remark 3.1 In [7] , two exceptional non-geometric affine 2-(64, 16, 5) designs of 2-rank 16 were found. One of these two designs yields a Hadamard design which is not isomorphic to the classical design P G 4 (5, 2). It cannot therefore be obtained from line spreads in P G(5, 2). hyperplane of V n (4). Conversely, any hyperplane of V n (4) arises in this way.
Considering Π as the design whose points and blocks are the 1-dimensional and (2n − 1)-dimensional subspaces, respectively, of V 2n (2), it is easy to see that each of the triples of hyperplanes described above is a line of size 3 in Π * and the set of such lines is a normal line spread in Π * .
Kantor also drew our attention to a paper by Lunardon [5] on normal spreads, which gives a very good account of their applications, and a paper by Barlotti and Cofman [2] . A proof that statement (b) implies statement (a) in Theorem 2.6 is implicit in [2] and uses the fact that P G(2m − 1, q) may be regarded as a hyperplane of P G(2m, q).
Our approach in this paper and our proofs, which are relatively self-contained, are in contrast to those of [2] and [5] more synthetic in character. Moreover, we have shown that the Rahilly construction generalizes to a construction in design theory which, in the geometric case, is essentially the Bose construction. 2 12 14  37 2 13 15 38 2 16 18 39 2 17 19 40 2 20 22 41 2 21 23 42 2 24 26  43 2 25 27 44 2 28 30 45 2 29 31 46 2 32 34 47 2 33 35 48 2 36 38  49 2 37 39 50 2 40 42 51 2 41 43 52 2 44 46 53 2 45 47 54 2 48 50  55 2 49 51 56 2 52 54 57 2 53 55 58 2 56 58 59 2 57 59 60 2 60 62  61 2 61 63 62 3 4 7 63 3 5 6 64 3 8 11 65 3 9 10 66 3 12 15  67 3 13 14 68 3 16 19 69 3 17 18 70 3 20 23 71 3 21 22 72 3 24 27  73 3 25 26 74 3 28 31 75 3 29 30 76 3 32 35 77 3 33 34 78 3 36 39  79 3 37 38 80 3 40 43 81 3 41 42 82 3 44 47 83 3 45 46 84 3 48 51  85 3 49 50 86 3 52 55 87 3 53 54 88 3 56 59 89 3 57 58 90 3 60 63  91 3 
